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Abstract. We consider the blow up problem in H 1 for the L 2 critical (gKdV) 
equation in the continuation of |38| . |39| . We know from |38| that the unique 
and stable blow up rate for H 1 solutions close to the solitons with strong decay 
on the right is 

~ jr—j. as ttT< +00. 

In this paper, we construct non-generic blow up regimes in H 1 by considering 
^ 1 initial data with explicit slow decay on the right in space. We obtain finite time 

\ blow up solutions with speed 

~ i T -ty ast tr<+oo, ^>^, 

as well as global in time growing up solutions with both exponential growth 

ll u ^(*)lk 2 ~ e< as t — ► 

or any power growth 

ll^Wlli 2 ~ t" as t — y +00, v > 0. 
These solutions can be taken with initial data arbitrarily close in H 1 to the 
ground state solitary wave. 



1. Introduction 

1.1. Setting of the problem. We consider the L 2 -critical generalized Korteweg- 
de Vries equation (gKdV) 

(gKdV) \u(0,x)=u (x), xel. (L1) 

The Cauchy problem is locally well-posed in the energy space H 1 from Kenig, 
Ponce and Vega |2U[ I21j . Given no G H 1 , there exists a unique^ maximal solu- 
tion u(t) of (ll.l|) in C([0, T),H V ) with either T = +00, or T < +00 and then 
limt+T \\u x (t)\\ L 2 = +00. 

For H 1 solution, the mass and the energy are conserved by the flow: Vi G [0, T), 



M(u(t)) = J u\t) = M(u Q ), E(u(t)) = -J ui(t) --J u b {t) = E(u ). 

Equation (jl.ip has the following invariances: if u(t, x) is solution of (jl.ip then 
—u(t,x), u(—t,—x) and 

\lu(X 3 (t - t ),X (x - x )), (A Q) to, s ) G R; x R x R 
are also solutions of (jl.ip . 

The family of traveling wave solutions of (jl.ip . called solitons, plays a distinguished 
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role in the analysis: 

u(t,x) = Q\ Q {x - X^ 2 t - x ), (X ,xq) G x 

with 

1 „ fx\ „, , / 3 \ * 



ftW = ^U> « W =lrf(S)J • «" + e 5 = C (1.2) 

It is well-known that the function Q is related to the following sharp Gagliardo- 
Nirenberg inequality (|65j) 

r r / f „2 \ 2 

(1.3) 



Moreover, from (j 1 .3f> . mass and energy conservations, for initial data in H 1 such 
that 1 1 wo Hz, 2 < IIQIIl 2 ) the corresponding solution u(t) of (jl.ip is bounded in i? 1 
and thus globally defined in time. 

1.2. On the classification of the flow near Q. For 

IIQIIl 2 < INHl 2 < IIQIIl 2 + "o, a < i (i.4) 

the blow up problem has been first studied in a series of works by Martel and Merle 
|31 j l32 j l4"4" l l3"3 ] l34|. In particular, from a rigidity theorem around solitons (|31j), the 
first proof of blow up in finite or infinite time was obtained Q44J) for initial data 

u G H 1 such that flU]) and E(u ) < 0. (1.5) 

Recently in [38, 39j, the authors of the present paper have revisited the blow up 
analysis for data near the ground state. First, in the so-called minimal mass case 
II u o||l 2 = IIQIIl 2 ) the following existence and uniqueness results complement results 
in 1351. 



Minimal mass blow up solution ([39], [35]). (i) Existence. There exists a 
solution S(t) G C((0, +oo), H 1 ) to (jl.ip with minimal mass \\S(t)\\ L 2 = \\Q\\l 2 such 
that 

\\S x (t)\\L^^j^ astiO. (1.6) 

(ii) Uniqueness. Let u be an H 1 blow up solution to (jl.ip with minimal mass 
II m (^)IIl 2 = IIQIIl 2 - Then u = S up to the invariances of the (gKdV) equation. 

Second, |38l [39] yield a classification of the flow for initial data close to Q with 
decay on the right in space. More precisely, let 

•A = |«o = Q + w hh 1 1 1 1 j^ri < «o an d J y 10 £o < lj ; 

T a * = <u G H 1 with inf \\u — Q\ Q (. — £o)Hl 2 < a* \ . 
y Ao>0,a;o6lR J 

Then the following classification result holds: 

Classification in A ([381 EH])- Let < cvq < a* < 1. Let u G A and u G 

C([0,T), H 1 ) be the corresponding solution of (jl.ip . Then, one of the following 
three scenarios occurs: 

(Blow up) For all t G [0, T), u(t) G T a * and the solution blows up in finite time 
T < +oo with 

IM*)llx=» ~ UT-t) ast tT for some £ >0. (1.7) 
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(Soliton) The solution is global and 

u(t, ■ + x{t)) -»• Q Aoo in Hl c as t -»• +00 for (A^ - 1| + \x'{t) - 1| < <?(a ), (1.8) 
where 5(ao) — > as ao — >■ 0. 

(Exit and 5 dynamics) The solution u exits the tube T a * at some time i u E (0, T), 
and there exist X u > 0, £ M E R, such that 

1 

||A^n(t u ,A u x + x n ) -5(t*,x)|| L 2 < <5(a ), 

where 5(ao) — >■ as ao — > and where t* > depends only on a*. 

Moreover, assume that S scatters at +00, then u is global and scatters at +00. 

In particular, this indicates that for initial data in A, only one type of blow up 
is possible. In this paper, we prove that for initial data in H 1 , but with slow decay, 
different blow up behaviors are possible close to solitons. It means that the decay 
assumption in the definition of A is not a technical one. 

1.3. Exotic blow up regimes. We now consider initial data uq E" A in the sense 
that they display an explicit slow decay on the right. Our main result in this paper 
says that the blow up rate , T _ a , which is universal in A, is not valid anymore 
for such initial data. Indeed, we produce a wide range of different blow up rates, 
including grow up in infinite time. 

Theorem 1.1 (Exotic blow up regimes). 

(i) Blow up in finite time: for any v > j^, there exists u E C((0, To], H 1 ) solution 
of (|l-ip blowing up at t = with 

\\u x (t)\\ L 2 ~r v as U0+. (1.9) 

(ii) Grow up in infinite time: there exis ts u E C([T , +00), H 1 ) solution of (fTTT|) 
growing up at +00 with 

\Wx(t)\\z» ~ e* as t-^+00. (1.10) 

For any v > 0, there exists u E C([0, +00), iif 1 ) solution of (jl.ip growing up at +00 
wt/i 

IKWIIl 2 ~ *" as t->+oo. (1.11) 

Moreover, such solutions can be taken arbitrarily close in H 1 to the family of soli- 
tons. 

Comments on Theorem 11.11 

1. Sharpness of the results in [38, 39j. Theorem 11.11 above shows the optimality of 
the results in |38| [39] since it proves that some decay assumption (such as uq E A) 
is required to obtain a unique stable blow up rate 1/(T — t). This is in contrast 
with the nonlinear Schrodinger equation, for which the stable blow up rate is ob- 
tained in H 1 , without additional decay assumption (see |49| and references therein) . 
Note from the proof that the solutions obtained in Theorem 11.11 are expected to be 
unstable (except may be for v < 1 in (|1.9p ). Indeed, they are constructed using a 
topogical argument involving two possible directions of instability. 

2. It is proved in |44l [33J that initial data uq such that (jl.5p generate solutions 
that blow up in finite or infinite time. The proof is by obstruction and Liouville 
classification and does not provide any estimate on the blow up speed. This H l 
result is also sharp in the sense that from Theorem |1.1[ both finite or infinite time 
blow up may occur in H 1 . All these results thus complement each other. 
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3. On the role of tails. As one can see from the proof of Theorem the blow 
up rate is directly related to the precise behavior of the initial data on the right. In 
particular, other type of blow up speeds can be produced by similar arguments by 
adjusting the tail of the initial data. A similar phenomenon was observed for global 
in time growing up solutions to the parabolic energy critical harmonic heat flow by 
Gustafson, Nakanishi and Tsai |16j . There an explicit formula on the growth of the 
solution at infinity is given directly in terms of the initial data which is conceptually 
very similar to what we observe for (gKdV). 

Recall that continua of blow up rates were observed in pioneering works by 
Krieger, Schlag and Tataru [27], |28| for energy critical wave problems (see also 
Donninger and Krieger [6]). We also refer to Fila et al. |13] for a formal approach 
in the case of the energy critical heat equation. All these results point out that the 
sole critical topology is not enough to classify the flow near the ground state. 

4- On the decay assumption. In |38| (see the definition of A), the assumption 
J y 10 e 2 < 1 is not sharp. In Theorem the solution contains a tail of the form 
x~ d for i > 1, where 6 E (1, ||). By now, it is not clear what is the sharp decay 
assumption on the initial data required to get the stable blow up rate in [38J. 

Aknowledgments. P.R. is supported by the French ERC/ANR project SWAP. 
Part of this work was completed was P.R. was visiting the Mathematics Depart- 
ment at MIT which he would like to thank for its kind hospitality. This work is also 
supported by the project ERC 291214 BLOWDISOL. 

Notation. For f,g £ L 2 , we note the scalar product: 

(f,<j) = J f(x)g(x)dx. 

We introduce the generator of the L 2 scaling symmetry 

Af = \f + yf. 
We let the linearized operator close to the ground state be: 

Lf = -f" + f-5Q 4 f. (1.12) 
For a given small constant < a* <C 1, 5 (a*) denotes a small constant with 

6 (a*) ^ as a* -> 0. 
We denote by 1/ the characteristic function of the interval I. 

1.4. Strategy of the proof, (i) Definition and role of the slow decaying tail. Given 
Co € R, xq S> 1, > 1, we fix a smooth function /o which corresponds to a slowly 
decaying tail: 

fo(x) = c x- e for x > f , /o(x) = for x < f , (1.13) 
and qo the solution of 

dtqo + d x (d 2 x Qo + ?o) = 0, 9o(0, x) = f (x). (1.14) 

We then consider the solution to (|1.1|) with initial data Q + fo and claim that it 
admits a decomposition of the form 

u(t, x) = ^— (Q b{t) + (t)q {t, x{t))Y + e) (t, + ffo(*, a?) (1-15) 
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for some 

\\e(t)\\ H i < 1 

and where Yq is a fixed function (see Lemma [2, II for the definition of Yq and Propo- 
sition [23] for the justification of this correction term). An essential feature of the 
nonlinear (gKdV) flow is that qo(t,x) conserves for x > t the slow decay of fo(x) 
(see Lemma l2.3p . This tail then acts like an external force on the coupled system 
of modulation equations driving (b(t),X(t),x(t)) and modify its behavior. 

(ii) Dynamical system perturbed by a tail on the right. Let us consider the global 
renormalized time 

! - h- ^> 

Then, explicit computations similar to the ones in |38j yield to leading order (ne- 
glecting e and higher order terms in (6, A, x)) the set of coupled modulation equations 
in the setting of the decomposition ([1.150 : 

T + i = °- »■ = *• s(i + TV° A ^i =a (L17) 

This system is to be compared to the unperturbed one obtained in |38| . for uq G A 
(without tail): 

ds 1 A s d ( b \ , 

_ = _ _ + i , = , x s = A, s (^)=0, (1.18) 

which leads to the universal blow up regime 

i=4), X(t)=£ (T-t) for some Iq > 0. 
X z 

We now integrate explicitly ([1.170 and fit the parameters of the tail (co, 9) to obtain 
the blow up regimes described in Theorem 11.11 Integrating in s, we find 

A J Q 

where Iq is a constant. We focus on the threshold regime Iq = leading to: 

^ + 6 = 0, x s = A, A + -L Co \-l x -e = o, (1.19) 

which can now be integrated as follows: 

. i 4 _„ 4 o 

A 2A s = j^c Ax = Yq c ox s x 

or equivalently after integration: 

^(s) + jQj^ T c x- 9+1 ( S )=£ 1 . 

We focus again on the threshold regime l± = leading to: 

We see that Co < is necessary at this point and 

^( S ) = A( S )=(-^^ I co) 2 x- 2e+2 ( S ). 
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By integration on [so,s], choosing x 2e 1 (sq) = (26 — 1) (jljFh" c o) s 0: we obtain 



and thus 



Set 



so that 



JQ0 

2 

-2A+2 / 2 1 \ 20 - 1 2(9-1) 

A( S ) = (2*-1)^^— Co ] a -«. 

\{s) = s-P, X ( S ) = -J—S 1 -? , b(s) = ^. (1.20) 

Of course, one can check directly that (ll.20p are solutions of the system (|l,17p but 
the above computation reveals the two instability directions 

£ = h=0, (1.21) 

and justifies the use of a topological argument to construct the solution. 

(hi) Control of the remainder term. We now aim at constructing an exact solution 
which corresponds to control the remainder term e(t,x). Note that we may now 
choose Eo(x) to be well localized on the right, and we therefore adapt the machinery 
developed in [38j to construct a mixed energy/Virial functional 

? ~ / 1>4 + ^ - \i> [(Q b + ef -Qt- 6Qte] 

for well chosen cut off functions ip) which are exponentially decaying to the left, 
and polynomially growing to the right. Roughly speaking, in the above regime 
(|l,20p . this functional enjoys two fundamental properties: 
- Coercivity : 



•r <, ||£|| H i ■ 

loc 



Lyapounov monotonicity : 



±{ s jT} +s i\\ef HL <si-\ j>0. (1.22) 

Time integration of the monotonicity formula (jl.22p in the regime dictated by ([1.20p 
yields sufficient uniform estimates on e. Therefore, it only remains to adjust the 
initial parameters (6(so)> A(so)) in order to asymptotically satisfy the unstable con- 
ditions (ll.2ip . This is achieved using a simple topological argument, as in [3] but 
in a blow up setting (see also |17j . [62], |51j . [5]). 

(iv) Conclusion of the proof returning to the original time variable. The above 
strategy is implemented for all < /3 < Now we show how the behavior of the 
parameters (|1.2U|) (see the precise estimates in (|3.1Up ) in renormalized time leads to 
the scenarios of Theorem 11.11 in the original time t (after possible scaling and time 
translation to adjust constants). 

- Blow up in finite time: for | < /3 < ^. From ([lTTBj) . ([QO]) : 

-+oo 



r+oo 

/ X i (s)ds = T < +oo 
J s 
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x3 ^ ds ' ~ > A(i)~[(3/?-l)(T-i)]^ 



and the solution u(t) blows up in finite time T. Moreover, 
r+oc —(3/9—1) 

T-t = ) 3 '-' UJ 
V s (i) 

which implies Hu^t)^ ~ || Q' || i2 A" 1 (i) ~ C(T -t)~ u for any z/ G (^|,+oo). 

- Grow up in infinite time: for (3 = |, the solution u(i) is global in time since 
/so °° ^ 3 ( s ) c ^' s = Moreover, for some cq and some ci > 0, 

r s{t) i -i * 

t= / A 3 (s')^' = logs + c + O(s _ io), s ~ cie*, A(t) ~ c x 3 e" . 

J SO 

This means grow up in infinite time for u(t) with exponential growth. Scaling and 
time translation lead to any exponential rate e~ ct , c > 0. Finally, for < j3 < |, 
we also obtain a global solution u{t) since 

r+oo r+oo 

/ X 3 (s)ds > 2~ 3 / s'^ds = +oo, 

J SO J SO 

and 

SO 1 

which means grow up rates at +oo, for any v = -jrr^ > 0. 



2. Decomposition of the solution 

This section is devoted to the study of the geometrical decomposition (jl,15p . and 
in particular the derivation of the modulation equations. 

2.1. Inversion of L and profiles. Let the functional space y be the set of 

functions / G C°°(R,R) such that 

Vk G N, 3C k , r k > 0, Vy G E, < C7 fc (l + |y|)^ e -^, (2.1) 

and L be the linearized operator close to Q given by (|1 . 12j) . We claim: 
Lemma 2.1 (Invertibility of L). (i) There exists a unique Yq G y, even, such that 

LY = 5Q\ (Q,Y ) = -~Jq. (2.2) 

(ii) There exists a unique function P such that P' G y and 

{LP)' = AQ, lim P(y) = ~ I Q, lim P(y) = 0, (2.3) 

y— >— oo 2 J y—t+oo 

(P,Q) = ^Uo) >0, (P,Q') = 0- (2-4) 

Proof. Note that the existence and uniqueness of Yq follows readily from standard 
properties of the operator L (see e.g. |38|). Moreover, 

(Q,Y ) = ~{LKQ,Y Q ) = -^(AQ,5Q 4 ) = ~ J ' Q 5 = ~ J ' Q. 

Part (ii) is taken from [38], Proposition 2.2. □ 
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A simple consequence of Lemma [2. II (li) is the existence of a one parameter family 
of approximate self similar profiles b \— > Qb, \b\ <C 1, which provide the leading order 
deformation of the ground state profile Q = Qb=o hi the blow up regimes. More 
precisely, let \ G C°°(R) be such that < x < 1, x' > on R, x = 1 on [-1, +oo), 
X = on (— oo, —2], and define 



Xb(y) = x(\b\ J y) , t = ^- 

The following Lemma is proved in |38| : 

Lemma 2.2 (Approximate self-similar profiles Qb, |38|). Let 

Q b (y) = Q(y) + b Xb (y)P(y). 

Then: 

(i) Estimates on Qb- For all y € R, 

\Q b (y)\<e- ly] + \b\ (l[-2,o]Wy) + e-^), 

\Qi k \y)\ < + |6|e-¥ + W^l^^Wy), for k > 1. 

(ii) Equation of Qb'- let 

-y b = [Qb-Qb + Qty + bAQ b , 

then, for all y € R, 

|*6(y)| < Ibl'+n^^y) + b 2 (e~¥ + l h2)0] QbPy)] 

l^ fc) (y)l<l^l 1+(fc+1)7 i[-2,-i](i™ + ^ 2 

(iii) Mass and energy properties of Qb'- 



,2 -M 



/or k > 1. 



Q 2 + 2b PQ 



<6 2 . 



(2.5) 

(2.6) 

(2.7) 
(2.8) 

(2.9) 

(2.10) 
(2.11) 

(2.12) 
(2.13) 



2.2. Definition of the tail on the right. We now introduce the slowly decaying 
tail on the right. Let c$ < 0, xq 3> 1, 9 > 1 and let /o be a smooth function such 
that 

c x~ e for x > 




/o(x) 



for x < Si, 



and 



< |xr e " fc , V(s,Jfe) etxN. 



(2.14) 
(2.15) 



dx k 

Let qo be the solution of 

dtqo + d x (d 2 x q + 4) = 0, g (0, x) = f (x). (2.16) 

A simple consequence of local energy estimates for (gKdV) is the propagation of 
the tail on the right: 

Lemma 2.3 (Asymptotic behavior of qo). The solution qo of (|2,16p is global, smooth 
and bounded in H . Moreover, Vi > 0, Vx > | + 

VA; > 0, \d%{t,x) - /«(x)| < tlx- 9 -f ~ k < x- Q - 2 -\ 
\d m {t,x)\<x- 6 ~\ 
See proof of Lemma 12.31 in Appendix A. 



(2.17) 
(2.18) 
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2.3. Decomposition of the solution. Let cq £ E, Ao <C 1 and xo 3> 1. Consider 
u(t, x) a solution of (|l.ip and set 



u;(£, x) = u(t, x) — qo(t, x). 



(2.19) 



We assume that w is close to Q in the following sense : there exist (Xi(t),xi(t)) 6 
M^xR and Ei(t) such that 



with 



10 9 
Vt € [0,to], Ai(i) < yA , ari(t) > — x , 

/ x 1 \ ( X — X l(t) 

w (t, x) = — — (Q + s 1 )( t, 11 
Xf(t) V 



ViG[0,i ], |ki(t)|| L 2 + [ (d y £ 1 ) 2 e--dy) < a* 



(2.20) 
(2.21) 

(2.22) 



for some small enough universal constant a* > 0. We collect in the following 
Proposition the standard preliminary estimates on this decomposition, and derive 
in particular the set of modulation equations as a consequence of a suitable choice 
of orthogonality conditions for the remainder term. 



Proposition 2.4 (Preliminary estimates and modulation equations). Assume (|2.20p - 
(|2,22p for a* small enough, and assume xq large enough and Ao small enough. 
(i) Decomposition: There exist C 1 functions (X,x,b) : [0, to] ~~ > (0, +oo) x M. 2 such 
that 

VtG [0,t ], X 1 Ht)w(t,X(t)y + x(t)) = Q m (y)+p(t)Y (y) + e(t,y), (2.23) 
where Yq is given by (|2.2p . 

p(t)=q(t,0), q(t,y) = xHt)q (t,X(t)y+x(t)), (2.24) 
and e(t, y) satisfies 

(e(t),yAQ) = (e(t),AQ) = (e(t),Q) = 0, 



5 4 

Ht) < T A 0, X(t) > -Xq. 

4 5 
(ii) Estimates induced by the conservation laws: 



Us)\\h < 



u 2 



+ \b(s)\ + \p(s)\+x 



' 



(hi) Modulation equations: Assume 



b 4 » 
+cq-^X 2X 



b 2 \p\ \p\ p 2 -i 

+ x^ + ^ + x^ + x^ +x ° 



2 2 

ViG[0,i ], x(t)>-t + -x . 



Let sq > 1 and consider the rescaled time 
"* dt' 



s = s{t) = Sq + / 
J0 



A3(f) 



ds 1 

or equivalently — = s{0) = sq. 



(2.25) 
(2.26) 

(2.27) 
(2.28) 

(2.29) 

(2.30) 
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Then, on [so, s(to)], 
+ 



A 



< 



9 \ ,9 9 i i 

e z e io ) + b z +p z + - p , 



I6J < / e 2 



+ 



e io + \p\ 
4 



2 -M 
e e io 



i 

2 +|6| 2 + |6|N+/ + -|p| 



|6| 3 + |p| 3 + 



CqA 2X 



(2.31) 
(2.32) 
(2.33) 



~ A 2 



+ 



\y\ \ 2 



M A 2 



A 



e z e io + / e^e io + 



Remark 2.5. The bounds (|2.3ip - ([2.33|) will justify the dynamical system (|1.17p . 

Proof, step 1 Proof of (i). This is a standard modulation claim. As usual, the 
decomposition is first performed for a fixed time t. For t £ [0, io] fixed, define the 
map 

6 : (b,X,x,w,z ) !-)■(/ Qe, / AQe, I Q'e) , 



where xq = l/zo, 

e(v) = £ (b,x,x,w 1 ,z )(y) = ^ w i (t,Xy + x) -\hl(t)q (t,xx(t)+x)Y (y) - Q F (y), 

wi(t,y) = Ai(t)2u;(t,Ai(t)y + xi(t)) = Q(y) + £i(t,y). 
We have e|(o,i,o,Q,o) = 0) so that 6(0, 1,0, Q,0) = and 

<%£|(0,1,0,Q,0) = -P> %^I(0,1,0,Q,0) = h-Q-> %s|(0,l,0,Q,0) = Q • 

so that differentiating the map with respect to the variables (b, A, x) at the point 
(0, 1, 0, Q, 0) we find the Jacobian matrix 



(P,Q) (P,AQ) (P,Q') 
(AQ,Q) (AQ,AQ) (AQ,Q') 
(Q',<3) (Q'.AQ) (Q',Q') 



(P,Q) (P,AQ) 
(AQ,AQ) 
(Q',Q') 



which is not degenerate since (P, Q) > 0. It follows from these observations that we 
can apply the implicit function theorem to 0: for w\ small and xq large, there exists 
a unique (b, X,x) = (b, X,x)(wi,xq) close to (0, 1, 0) such that 6(6, A, x, w\, ^) = 0. 

Then, we define b(t) = b(wi(t),xo), X(t) = X(wi(t),Xo)Xi(t), x(t) = x(wi(t),xo) + 
x\(t) and e(t) = e(t). The regularity of (b(t),X(t),x(t)) now follow from standard 
arguments. It follows that we have the following decomposition of u(t,x): 



u(t, x) 



' (Q m +p(t)Y + e) (t,^Jp-) + 



xHt) 
i 

xHt) 



{Qb(t) + p{t)Y + e + q) (t, 



X(t) 
x — x(t) 



X(t) 



(2.34) 



(2.35) 



step 2 Equation of s and a priori bounds. To write the equation of e, we first 
derive the equation of w from the equations of u(t) and qo(t)' 

w t + (w xx + w 5 ) x = -(W ) x , (2.36) 

where 

W = 5w 4 q + 10w 3 q 2 + 10w 2 q i + 5wq^. (2.37) 
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Second, set £y(s, y) = p(s)Yo(y) + e(s,y) so that 
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1 



w 



x — x(s) 



(s,x) = - T — (Q 6(s) + £y) 
As (a) 

By standard computations, we obtain for ey. 

d s e Y = {-d 2 y e Y + ey- (s Y + Q b f + Q 5 b ) y - {5Q 4 q) y + y Aey 

+ + b^j AQ b + (y - l) (Qb + e Y ) y + <S> b + ^> b - W y , (2.38) 

where 

W = 5{Q h + eyfq - 5Q 4 q + 10{Q b + eyfq 2 + 10(Q b + eyfq 3 + 5(Q b + e Y )q 4 . 
Finally, we replace e(s,y) = £y(s,y) — p(s)Yo(y) and use LYq = 5Q 4 , to obtain 
d s e = (-d 2 e + e-(e + P Y + Q b f + Q 5 b + P 5Q 4 Y ) y 

- Ps Y + (5Q 4 (p - q)) y + y (Ae + pAY ) + (y + bj AQ b 

+ (y - l) (Qb + e + pY ) y + + V b - W y , (2.39) 

and 

W = 5(Q b + e+ P Y ) A q - 5Q 4 q + 10(Q b + e + P Y ) 3 q 2 
+ 10(Q b + e + pYofq 3 + 5(Q b + e + pY )q 4 . 
We now claim the following bounds which we will be used along the proof: 
Claim 1. (a) Estimates on q(s). 

h(s)h* < x 9+ K \\q y (s)\\ L , < X(s)x- 6 -K \\q(s)\\ L - < A*(*)*o'- (2.40) 
(b) Properties of the function p(s): 

p(s) - coXH S )x- e (s) < c A5( s )x- e - 2 ( S ) < x- 2 (s)\p( S )\, (2.41) 



_3M, , , , s, A(s) _M 
e * \p{s)-q{s,y)\<^-j\p{s)\e 



(2.42) 



((5Q 4 (p-q)) y ,Q)-c (J q\ OX-ix 



1 \ s n x s 

Ps - -^P + 9—p 

2 A x 

A* 
A 



<4w 



i 



+ 1 > 



W + ;W(ft-i| + 0- 



(2.44) 
(2.45) 



(c) Estimates for the remainder term P^: Let 

W = 5(Q b + e + pY ) A p - 5Q A p + 10(Q b + e + pY ) V 
+ 10(Q 6 + £ + pY ) V + 5(Q 6 + e + pY )p 4 - 

ITten, 



|((W) y ,AQ)| + |((W) y ,g)| <6^ +p « + |6||p| + |p| / eV-io + / ^e-w, (2.47) 



9 _ki \ 2 \ A 

e e io 



\y\ \ 2 



IpI. 



(2.46) 
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\((W) y ,yAQ)\< j e 2 e-4+b 2 +p 2 . (2.48) 



Proof of Claim{ll Proof of (a). Since qo(t) is solution of (jl.ip . for all t, 

\\Qo(t)\\ L2 = ||/o|| L 2 < x~ 6+ K E(q (t)) = E(f ) < x~ 6 ~K 
and (g30D follows. 



Proof of (b). Since p(s) = A2 (s)g (s, x(s)), (12~H1 follows from (|2~29|) and (12~TT1) . 
In particular, since Co < 0, p < 0. 

£{f) 
4 



Next, by (f2729|) . (f2TT7|) and (|2TT5jl . splitting the two cases \\y\ < ^ and X\y\ > 
we have 



3|j/j 3|yj 1 

e 4 |p( s ) - g( s ,y)| = e 4 A2(s)|g (s,x(s)) - g (s,A(s)y + x(s))\ 
<|y|e-^Af( S ) fe-^||g / ( S )|| roo(jB> a xW) + e-^tij||g , o(a)|U<. 



< c e 4Aa( s ; 



16A(s) x 



-0-1 





^ _JM,S v -0-1, \ s \ I — 1^ 

< c e 4 A2(s)x A (a) < -|p|e 4 . 
Next, by (l2~29]l and (12471) . 

{(5QHp-q)) y ,Q) = -5 y Q 4 g y (p-^) = - / Q f 

= -A§(s) y Q 5 (y)d x q (s,X(s)y + x(s))dy 

= -A§/o>( S )) Jq 5 -^ 1 j Q 5 U(A2/ + x( S ))-/^(x( S ))) 

- A§ (a) / Q 5 (y) (^(a, X(s)y + x(s)) - f' {Xy + x{s))) dy 



(2.49) 



co( / Q)0Ai(fl)aT*- 1 («) + O(Aie->W) +o(a 



Jx~ e ~ 2 



CO 



y q) (?Af (^H*) + O (^|p|) + O , 



where we have split the integrals above into \y\ > \x(s) and |y| < \x{s) and using 
the fact that for \y\ < \x(s), Xy + x(s) > x(s) — \y\ > f x(s) > st + |xo, so that 
(|2,17p holds for x = Ay + and (12.431) is proved. 
Now, we prove (|2.44p . By explicit differentiation and Lemma 12.31 

Ps ~ \~^P = ^(Qo)s(s,x(s)) + X2 Xs d x q (s,x(s)) 



X2(q ) t {s, x{s)) + A2x s /^(x(s)) + O ( — |p| 



X s 

~x 



+ 1 



} ^\p\ + ol±\ P \ 



x 



x" 



x- 1 



+ 1 



Since \x s \ < A(|3* - 1| + 1), (l2~l5l) follows. 
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Proof of (c). For (|2,46p . we first note 

W - W = 5 [{Q b + e + pY ) 4 - Q 4 ] (p-q) + W(Q b + e + P Y ) 3 (p 2 - q 2 ) 
+ W(Q b + e + P Y ) 2 (p 3 - q 3 ) + 5(Q b + e + pY )(p i - q 4 ). 

Thus, 



e -j\v\\W-W\ 



<(|p| + |6|) I e -W\p-q\+[ I s 2 e-^ 



e -(f-ro)l»l 



\p-q\' 



<-W\n 2 -<i 2 \<l\i>\ + \b\ + l I e 2 cr%Y)±\p\, 



using (|2.42p . and the following similar estimate 



e l\ y \\p 2 - q 2 \ < -p 2 e ^ . 



Next, (|2.47p follows from the parity properties and then direct estimates. (I2.48P 
follows from direct estimates. Note that p 2 appears in (|2.48|) because there is no 
cancellation due to parity for this term. This concludes the proof of Claim [TJ □ 

step 3 Estimates induced by the conservation laws. By L 2 norm conservation, 
J u 2 (0) - J Q 2 = J Ql - J Q 2 + j \e + pY + q) 2 + 2 J (e + pY + q)Q b 

= 2b(P,Q)+0(\b\ 2 ^) + ||e||| 2 + 0{\b\ 1 ~l \\e\\ L .) + 0(\p\ + \\q\\ L2 ). 
Estimate ()2.27p follows. By energy conservation, Q" + Q 5 = Q and J eQ = 0, 
2\ 2 E(u Q ) = 2E{Q b + e+pY + q) 

= 2E{Q b ) -2j{e+pY + q) ((Q b - Q) yy + (Qf - Q 5 )) - 2 J (pY + q)Q 
+ j( £ + pY Q + q) 2 y - 1 - f ((Q b + e+pY Q + qf-Ql-QQt{e + pY + q)) 
= -2b(P, Q) + 0(b 2 ) + O (\b\ 1+ h {\\e\\ L . + \p\ + \\q\\ L .)) - 2p (J Y Q + J q) 
+ 2j(p-q)Q+ \\s y \\ 2 L2 + 0(p 2 ) + O (\\e y \\ L 2(\p\ + \\q y \\ L z)) + 2X 2 E(q ) 

-\J {(Q b + e+pY + qf-Q e b -6Ql(e+pY + q)-q 6 ) 

By ([22]), we have / Y Q + J Q = ± / Q. Using in addition (pP|) . (ET421) . (l2~411 . we 
obtain 



1 



\p\ p 2 



-- [q + ^- 

4 A 2 / A 2 



+ TIT + 



A 2 A 2 



\4L2 + \p\ + \\q\\ L < 



< 



\E(u )\ + 



4^2 / Q + c o x 2X 



b 2 \p\ \p\ p 2 



A 2 



Ax A 2 



step 4 Modulation equations. We argue as in [38], proof of Lemma 2.7, differ- 
entiating with respect to s the orthogonality conditions J eAQ = 0, J eQ' = and 
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J sQ = and using ([2.39P to obtain (|2.3ip and (|2.32p . Here, we will treat only 
the terms coming from q and pYo in (|2.39p and we refer the reader to |38j for more 
details on the other terms. 



Proof of (|2.3ip and (|2.32|) . It follows from computations in |38| proof of Lemma 2.7 
and Claim [1] that 

X ± + b \ (e,L(AQ)') 



IIAQII 2 



L- 



< 



+ \b\ [ \P\ + \b\ + ( / e z e 



+ \p\ 



2 _M \ 2 

e e io 



+ 



A 



1 



\b\ + 



ere io 



+ \p s \ + \b s \ + / e 2 e'w +p 8 + -\p\. 



We proceed similarly for % — 1, taking into account different cancellations due 
to parity properties 

(£,L(yAQ)') 



X s 

T 



< 



1 



IIAQII 2 



L-' 



+ 



A 



+ I&|) MpI + !&! + (/ 



+ 16 J + / e 2 e ttt 



+ p 2 + -M- 



Then, taking the scalar product of (|2.39p by Q and arguing similarly, we have 
the following rough estimate for b s : 



\b.J < 



+ b 



+ 



A 



1 



+ \b\ + / £ 2 e~ To + \p\ \ I £ 2 e~w 



A 



+ |p s | + |b||p| +p ti + 



.x 



Combining these estimates with (from ([2.44 jl ) 
A 



\Ps\ < 



A, 

\p\ + — b 



A 



+ 1 <HN + 



A, 

b + - p 



A 



+ 1 , 



from (IZ4"5]1 . we obtain (l2~3!l and (|2~32|) . 



Proof of (|2.33|) . First, we derive a refined equation for 6 S , taking the scalar 
product of equation (I2.39P by Q and proceeding as in |38j, proof of Lemma 2.7. 
Recall from [38], 

-?IMl!!+o(H 3 ), (*6,Q)= 



(*6,Q) 



16 



IIQIllx+Od&l 10 )- 



Note also that from direct computations and parity properties 

| (((e + P y + Q fe ) 5 - Q fe 5 - p5Q 4 y - 5Q 4 e) y , q) - 2(%((Q 3 y J :5 ) J/ , Q)| 

+ \((W) y ,Q) -20bp((PQ 3 ) y ,Q) 
< \b\ 3 + \p\ 3 + / e 2 e"^ + (|p| + |6|) ( [ £ 2 e~^ " 
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(See [38j for details on the nonlinear terms in e.) Using (|2.43p and the above 
estimates we find 



b s + 2b 



16 



p s (Yo,Q)-^p(Yo,AQ) 



(IQ) 2 

bp[20((Q 3 Y P) y ,Q) + 20((PQ 3 ) y ,Q)] + c 6 ( \ Q ) \%(s)x~ e ~ (>) 

A 



|y 



« r +^|p|+^i|p|. 



< \b\ 3 + |p| d + J e 2 e^ + (|p| + |6|) (/ e'e 

We claim the following cancellation 

- (Y , AQ) + 20((Q 3 YoP) v , 0) + 20((PQ 3 )j / , Q) = 0. 

Indeed, L(P') = (LP)' + 20Q 3 Q'P = AQ + 20Q 3 Q'P, and so from JOJ, 

- (Y , AQ) + 20((Q 3 YoP),„ Q) + 20((PQ 3 ) y , Q) 
= -(Y , AQ) - 20(Y + 1,PQ 3 Q') 

= -(Y + 1, £(P')) + J AQ = -(L(Y + 1), P')-±Jq 

= ~\ p ' ~\\ Q = p (-° c )-l Jq = °- 

Thus, 



-^p(Y , AQ) + bp [20((Q 3 Y P) y , Q) + 20((PQ 3 ) y , Q)] 



\P\ 



(2.50) 
(2.51) 

(2.52) 



|(Y ,AQ)|. 



Now, from (Y , Q) = -§ JQ (see ([22])), using (f2~Tlj) and (pTi4|) we note that 
16 

(ToF 

12 



p s (y ,Q) + c e q) xHs) x - e - 1 (s) 



CfQ) 

Therefore, 
b s + 2b 2 



CqX^X 



lX a 0x s \ „ / A . A ^ /A, 



A 



4 .1 _j/3A, i, 



< l&l 3 + |p| 3 + J e 2 e~4 + (\ p \ + |6|) H e 2 e-^ 
Now, we prove f|2.33[) . By direct computation, 



i (lM C0 ^ f {s)x ~ 



4 _3 _ e /3 A s x s 

(7o) CoA 2x Ua + ^ 



ds V A 1 



and (l2~33l) follows from (l2TM)l and (l2~3T1) . 



(2.53) 



□ 
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3. Proof of Theorem 11.11 

This section is devoted to the proof of Theorem 11,11 which follows from the mod- 
ulation equations of Proposition 12,41 coupled with the control of the well localized 
error e as in [38]. We present the new dynamical arguments and report the proofs 
of two technical Lemmas adapted from |38] to the Appendices. 

3.1. The bootstrap argument. Let 

,2(0-1) n</J 11 i <9< 29 

P-^e^T' 0</3< 20' 1<0< i8' 

and define 

c = -^-(9- 1)(26 -l) 9 - 1 . (3.1) 
Given s > s , (b(s), A(s), x(s)) £ R* + x R* + x R, we define: 

9(s) = ^ + j^c X-Hs)x- e (s), f(s) = \Hs) + ^ Co _l_ a; - e+1(s) . 

Let (<^i)i=i,2) be smooth functions such that: 
e v for y < —1, 

<Pi(v) = { 1 + 2/ for -±<y<±, ¥ / < (y)>0, Vy G R, (3.2) 
y l for for y > 2, 

= I wi " ^ l 1 ' ^(V) > Vy G M. (3.3) 



L 1 for y > 2 , 
Let B > 100 and 

^fi(y) = ^ (jQ , <Pi,B = <P% (^) , i = 1, 2, 
and define the following norms on e 

Mi{s) = j e 2 y {s,y)^ B (y)dy + j e 2 (s,y)ip itB (y)dy, (3.4) 
A/i,i oc (s) =/ e 2 (s,y)(p' iB (y)dy, i = 1,2. (3.5) 



We now claim the following bootstrap Proposition which is the heart of the analysis: 
Proposition 3.1 (Bootstrap). Let sq = sq((3) > 1 large enough and set 



1 i- 



x = x{s ) = JYZ p) s o ■ ( 3 ' 6 ) 



Let £q G H 1 be such that 



,10 



/ y 10 e 2 (y)dy+\\e \\ 2 Hl 

Jy>0 



'y>o 

Then, there exists 



<1, (e ,yAQ) = (e ,AQ) = (e ,Q) = 0. (3.7) 



(\ ,b )eV = U\,b) : IA-Sq^I < Sq' 3 Ib-fJs^l^s, 1 "1, (3.8) 
smc/i t/iat t/ie solution of (jl.ip wif/i initial data 

u o(x) = —± (^Qb + ^oqo{so,x )Y + e ^j f - + Qo(s ,x) (3.9) 
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has a decomposition (b(s),X(s),x(s),e(s)) as in Proposition \2. 4\ which satisfied on 
[s ,+oo): 



(BS1) (\g(s)\s 



,1-2/8+ 1 



\f(s)\s% + ToY < I: 



(BS2) \b(s)\ < 10s- 1 , ±s-P < X(s) < 10s-P, ^s 1 -? < (1 - /3)x(s) < lOs 1 ^; 



(BS3) J y>0 y 10 e 2 (s,y)dy <10X- W , M(«)<n, \\e( S )\\ m < 5(a*) 
Moreover, 



+ 



/AO 



1 



+ 



1 



< 



s io . 



A^lK^H^ + iKs)!!^ <i. 



(3.10) 



(3.11) 



Let us observe that (|3.10p now gives the leading order behavior of the scaling 
parameter X(s) = -^(l + o(l)), and the conclusion of Theorem 11.11 now immediately 
follow from the change of variables (|2.30p depending on the value of (3 as in step 
(iv) of section 11.41 



The rest of this section is therefore devoted to the proof of Proposition 13.11 First 
observe by uniqueness of the decomposition that 

bo = b(s ), A(s ) = A x(s ) = x , s(s ) = e . 

We now argue by contradiction, assuming that for all (Ao,&o) £ we have 

s*(Ao,6o) := sup{s > so such that (BS1)-(BS2)-(BS3) holds on [so,s]} < +oo. 

We will derive a contradiction by first closing the bootstrap bounds (BS1)-(BS2)- 
(BS3), and then finding a couple (Ao,6o) usm g a topological argument. 

3.2. First consequences of the bootstrap bounds. Let us start with some 
quantitative bounds which follow from the bootstrap bounds and Proposition 12.41 



Claim 2 (Consequences of the bootstrap estimates), (i) For sq 
enough, there holds: 

• ifP > ±, for all s e (s ,s*) 7 t(s) = /* A 3 (s')ds' < 1; 

• if < (3 < ~, for all t > 0, x(t) > |i + |x . 
(ii) For all s £ (so, s*), 

1 



s (/3) large 



0<-p(s)< . 



+ b 



+ 



T 



< 



X s 



9 m 

e e io 



s 



9 \y\ 
e e io 



<s-P 1 + 



+ 



9 _ IWl 

e e io 



\b s \ + \p s \ < J e 2 e ^ + "^ 



(3.12) 
(3.13) 

(3.14) 
(3.15) 



2 recall that s = s(t) is the rescaled time (|2.30|) . 
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ds I A 2+ (JQ) 



C X 2( S )x d (i 



\2 I 29 



1 1 
+ - 

s 



9 _M 

e e io 



+ / e^e to 



(iii) For all s E (sq, s*), 



\e(s) 
1 



l| 2 < 



u 2 (0) 



(3.16) 

(3.17) 
(3.18) 



Proof. Let ± < /3 < g. Then 



t( s ) = / A 3 (s')ds' < 10 3 / (s / )~ 3/3 rfs' < 



10 3 



so 



3/3-1 



-3/3+1 



-3/3+1 



< 1 



for sq large enough. For j3 = |, 



A 3 (s')cfc' < 10 3 log— so that s > s e 



io- 3 t 



Thus, 



3 2 ^3 ^2 3 

x(s) > —S3 > _ S 3 SIO" t 

w - 20 ~ 20 



> lor 



for so large enough. Since x(s) > |a;o, we obtain x(t) > i 3 + ^xq. Finally, for 

< p < §, 

10 3 



,1-3/3 1-3/3 



so that for sq large 



and 



s > 



(1-3/3)* , 1-3/3 



10 3 



+ «n 



1-30 



1+3 

> 100^-/3. 



w - 20 

Since x(s) > |xo, we obtain x(i) > + ^xq. 

The estimate (|3,12p is a consequence of (|2.4ip and § + (1 — = 1, so that 

0<p<A^- 9 (s)<s-fs- 9 ( 1 -« <-. 

s 

The estimates (|3.13p - (|3.16p are immediate consequences of (|2.3ip - (|2.33p . (|2.45p . the 
bootstrap assumptions and the upper bound f3 < ^jj. Q 

3.3. Closing the estimates on e. We now close the bounds on e and claim the 
improved bound: for all s G [so,s*], 

(BS3') f^V^x^SA- 10 , M(s)<is-§, || £ (s)|| H i <<*(<**). 
Let y?io be a smooth function such that 

for y < 0, 



<pw(y) 



y ' for y > 1 



< <^io < </>'io for < y < 1. 



The control of the tail of e on the right is a direct consequence of the following brute 
force monotoncity formula: 
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Lemma 3.2 (Dynamical control of the tail on the right). For all s £ [sq, s*], 

A- 10 ^{A 10 |^io e 2 }<M,ioc + ^. (3.19) 
See proof of Lemma 13.21 in Appendix [Bj 

The control of Ni{e) norm, which is fundamental for the proof, now follows by 
adapting the mixed Energy/Morawetz monotonicity formula first derived in 
Recall the definitions (13.21). (13.31). we claim: 



Lemma 3.3 (Monotonicity formula). There exist fi > such that the following 
holds for B > 100 large enough. Let the energy-virial Lyapounov functionals for 
i = 1,2, 



efo B + e*<Pi,B (3.20) 
\ {(e+Qb+pY +q) 6 - (Q b +pY +qf - 6e {Ql+q 5 +5Q 4 (pY +q))) ib B 



Then the following estimates hold on [sq,s*\: 
(i) Lyapounov control: for i = 1, 2, j > 

d_ 

ds 

(iii) Coercivity of Ti and pointwise bounds: for % = 1, 2, j > 0, 



[s j Ti] + ^ j + e 2 ) <fa < + * J '- 9+10/3 - (3.21) 



-4+M<J=i<4+M. (3.22) 



See the proof of Lemma 13.31 in Appendix [Bj 
Proof of (BS3'). From Lemma l3~2l (BS2) and (BS3), 

so that by integration on [so,s], and (|3.7p . 

,10/„\ / ,„ 2 / \ ^ \10/„ \ / ,„ Jir„ \ , rt-l-VQB 



X w (s) J p 10 e» < A iU (s ) / Vios A (s ) + Cs^~ wp < 2. 
By the properties of 9910 and (|3.7p . we obtain 

A 10 (s) / y 10 e 2 (s,y)dy<3. (3.23) 

Jj/>0 

Now, we apply Lemma [3.31 with j = |. We find by (|3.2ip and /3 < ii, 



d r a 



S2 Jl- 



2 . , , ^ ^ M""^-"! ' ""^ ^ ^ 20 > 

3 _i_irwll 



ds 

The initial smallness (|3.7p ensures 

4°l^(o)l < 1 

and thus the time integration of (|3.24p on [so,s*] yields: 

for some 5 = 5(f3) > 0. Using (|3,22p . we conclude: 

Afi(s) < s-h S + s- 4 < -a-l 



< s -f + s -i-io(^-«. (3.24) 
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for so large enough, which together with (|3.23p and the control of the full H 1 norm 
through the conservation laws ([2.27p . ([2.28ft concludes the proof of (BS3'). 

3.4. Closing the estimates on (b, X,x). We now use the obtained bounds on e 
and the modulation equations on the geometrical parameters of Proposition 12.41 to 
close the bounds on (b,X,x). We claim: for all s E [so,s*], 

(BS2') \b(s)\ < 5s" 1 , \s-P < A(s) < 5s~P, \s l ~P < (1 - /3)x(s) < 5s 1 -! 3 . 



Proof of (BS2'). First, note that from (p33|) . (IQTD . and using (BS2)-(BS3), 
| < /3 < we have on [sq, s*]: 



\9s\ < s~^, 



As 
A 

X § 



+ b 

- 1 



< o 4 



< 



S 4 . 



(3.25) 
(3.26) 
(3.27) 



By (BS1) and (BS2), we have using (1 — (3){Q — 1) = f the estimate: 



A(s) 



2 1 



,-20+2 



to 



(3.28) 



A^to + ^co^-^to 



< |/(S)| (Al to + ^to) < + S-^)^ 1 )) < 8-P-&. 



x- e+1 (s) 



Using (|3.27p . we find 



x.(s) 



2 1 



-20+2 



to 



<s + s _ 2 _/3 < s _/3 ro. 



and hence 



- (1 - p)-^-® 



< S 10 . 



(3.29) 



from 26 — 1 = j-z-j and the choice of cq in (|3.ip which gives: 



(1-/3) 



-(1-/3) 



(20 - 1) 



J 



2 1 

c 71 



Since from (13.6 



(1-/3) , , . 
i_a g(«o) = 1, 

the time integration of (|3.29f> on [sq,s] yields 

x^i(s) - (1 - 0)~J=^s 



<S 1 -1T>. 



Thus, 



Inserting (l3~30l) into (13T281) . we find for A, 



< S 10 . 



s /3 A(s) - 1 



< S 10 . 



(3.30) 
(3.31) 
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Finally, using \g(s)\ < s~ 1+2/3_ 5, we find 



21 



< 



s 10 . 



(3.32) 



From ([3730]) . (l3~3TD and (pT32]) . (BS2') follows for s large enough. 

3.5. Choice of Ao and bo by a topological argument. We now claim from a 
standard topological argument based on the ougoing behavior of the ODE's for (/, g) 
that we can find (6o, Ao) £ T> such that the remaining condition (BS1) is closed. 
Indeed, let 



G(s) = g(s)s 1 - 2 ^, F(s) = f( 



and 

H(s) = F 2 (s) + G 2 (s). 

From (BS2') and (BS3'), since s* = s*(xo,&o) < +oo, it follows from a standard 
continuity argument that at s = s* > so, 

H(s*) = 1. 

We first claim the strict outgoing behavior: 

1 



H'(s*) > 



20s* 



(3.33) 
(3.34) 



Proof of (l3T34jl . Since 

G'(s) = (l - 2/3 + ~) g{s)s- 2 ^ + g'{s)s^\ 



we have using (j3.34p : 



Similarly, 



GV) = (l " 2/3 + I) ^ + O ((s*)- (1+ ^ 



*V) = (f + ^) /0O(O* + * -1 + /'( S *)( S *)^ + ^. 



(3.35) 



We now estimate f'(s). By direct computations and then (|3.26l) . (|3.27|) and (BS1) 
(BS2), 



2 \"~ JQ 
1,5 T b 4 

1 . 5 



A 2 JQ 



CqA 2 a;" 



+ O ( S"4"2 



^Afg(s) + (a - ! - ! ) = O is 



Thus, 



Therefore 



V ' \2 10) s* 



8 i 



(3.36) 



H'(s*) = 2F\s*)F(s*) + 2G'(s*)G(s*) > + q ((s*)- 1 ^) > 

for sq large enough. 
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By standard arguments (see e.g. the proof of Lemma 6 in [3]), the strict outgoing 
behavior f|3.34[) ensures that the map (Ao,&o) £ — ^ s*(xo,bo) is continuous. We 
define the continuous maps 

/ _x\ 2 

Ao(F ) =8q P [1- F s q 



bo(F ,Go)=p Sl 



s i 



1 



3, 1 3 



\*(F )[l + -G s^ *\*(F ] 



^o 1 



1 + Ig s 5 



so that 



Gn 



Fn 



1-2/3+i Z' 6o 
X 2 



SQ 



c A 2 x 



, 2 ' 10 



I 2 

An 2 + 



1 



V T- JQ^.^O 

Now, consider the continous map 

X : # R 2 -> 5 M 2 , 

(F , Go) h+ (F( S *(A (Fo), 60(^0, Go))), G( S *(A (F ), 60(^0, G )))) . 

where ,6 K 2 and 5 K 2 are, respectively, the ball and the sphere of M 2 of radius 1. For 
(Fq,Go) G 5 K 2, we have M(Fq,Gq) = (Fq,Go), in other words, M. is the identity 
on the sphere 5^2. The existence of such a continuous map A4 is in contradiction 
with Brouwer's fixed point theorem. Therefore, there exists Aq and 6q such that 



-0+1 



I An H~ fi \ < <r^ _I ° 

I An — s I — s o • 



\o-s l^ s o "1 \ b o ~ P s o l \ < 10 , (3.37) 
and s*(Ao,6o) = +00. In particular (BS1)-(BS2)-(BS3) hold on [so, +00). 
Finally, (JOty . (I3~3TD and (^32]) imply (|3TT0]t . 

This concludes the proof of Proposition 13.11 and therefore also of Theorem 11.11 



Appendix A. Proof of Lemma 12.31 

Recall that Co G I and > 1 are fixed, xq S> 1 is to be taken large enough and 
go is the solution of 

dtqo + d x {d 2 x q + gg) = 0, g (0, x) = f {x), (A.l) 

where the function /q is smooth and satisfies 

fo(x) = c x~ 9 for x > f , / (x) = 0forx< f , (A.2) 

(A.3) 

First, for xo large enough, ||,/o||l 2 is small and it follows from the I? and H s 
Cauchy theory (Corollary 2.9 in [20J) that go is global and bounded in H s for all 
s > 0, with 

sup \\qo{t)\\ H ° < 6(^0 

t 

We define 

gi(i,x) = g (t,x) - / (x), 
+ d x (d 2 x Qi + (ft + /o) 5 - /o 5 ) = ^0, Qi (0, x) = 0, (A.4) 



for all x G R, for all k > 0, 



(ix fc 



(s) 
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where 

= -dlh ~ d x (fl)- 
For any > 0, define a smooth function ip-g such that 
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1 , 



>^{x) = x° for x > 4, <pj(x) = es for x < 0, <p' > 0, 99"' < -<ft on R. (A.5) 



For 



set 



< 61 < 20 + 4, X / 20 + 3, 



dx, 



x ~ I ~ T ' ' 



= J (W) 2 (i) - 1 + /o) 6 - / 6 - Wl+2 

= / (9xQi) 2 (t)<P0i+2k (x - \ - dx, k > 2. 
We differentiate Mg 1 (t) (omitting the variable x — \ — for the function ipg 1 ) : 
M' 6l {t) = -3 J {d xqi )\' 6l -\j <fi<p' 01 + j <? 2 < 

+ 2 y (( gi + / ) 5 - / 5 ) + 2 y F g lWl 

< -3 J (d xq fy' 6l -Ay ^ _ 2 y 



(gl + /o) 6 /o f . , f x5 n 

« a Wl + /0j Ql 





^1 





2 








y 


J < 







< -3 J (d xqi )\' ei -\J q y ei + 5(x^) I q y ei + C j F^. 



Thus, for xq large enough, we have obtained 



<w+a y [(^) 2 +^ ^< y^. 



For xo large enough, 

„2 



+ 



-2(0+3) 



.X 



t_ _ xq\ 



01+1 



4 4 7 

2(0+3) + 



<(t + xo) ei - 2e - 4 . 
Therefore, using also Mg 1 (0) = 0, we find by integration: 

rt 



e» ^ 4 4 > 



x< 



i 1 31 



(A.6) 



M(>l{t) + l I ^ &xqi)2 + q ^ ^ 



< 



(t + x ) ei - 2e - 3 if < 01-20-3 < 1 

01-20-3 T /l n/i o - r. ( A -' J 





.X 



if 01-20-3 < 
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We argue similarly for Eg 1 (t). 
E' di (t) = 2 J dm [-d 2 xqi - ((ft + /o) 5 - /o 5 )] m +2 

- 2 J d tqi d x q W 'e 1+ 2 ~\f (d x qif(t) - 1 ((ft + f f - / 6 - 6ft/ ( 

- 2 J [% qi + (ft + /o) 5 - / 5 ] F ^ 1+2 

+ 2 y [5 2 ft + + /o) 5 - / 5 ] x ^ft^ 1+2 - 2 y Fo^ft^ 1+2 



(5,ft) 2 (t) - - ((ft + fof ~ ft ~ %/o) 



^1+2- 



We use the following computations and estimates 
[^ft + (ft + /o) 5 -/ 5 ]F ^ 1+ 2 



< 



d x qi(F ipe^ 



2 x 



+ 



< J_ 
~ 100 



100 



2 /o ^01+2 



+ C / f |^Fo| 2 ^ + |*b| %+a + |*b| 

2 y aift5,ft^ 1+2 = -2 y (^ft)y 01+2 + y (a^M 



+2 



< -2 / (^ gi ) y fll+2 + i / (^ft) Ve 1+2 



2 y [(ft+Zo) 5 -/!],^!^-, 

= 10 y (^ft) 2 (ft + / )Vtf 1+2 + 10^ ((ft + /o) 4 - /o 4 ) d x f d x q l( p' ei . 

-Too /(^M+i + c y g 2 <. 

; y (^ft) v^+i + cy i^iy ei+ 2- 



^9i+2 



Fo^ft^-f 

Combining these estimates, and using the expression of i*o as in (IA.6p . we find 

E' 9l (t) < - y (d 2 ft)y l+2 - 1 y (w^+ 2 + cj qw 9l + c(t + x ) ei - 2e - 4 . 

By integration, and using (|A.7j) . 

E 6l (t) + ^ f J [(dlqi? + (d xqi f] <p' ei+2 



< f (t + x ) ei - 26 - 3 if < 01-20-3 < 1 
^[x^- 29 - 3 if 6*1-2^-3 < 



(A.f 
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We look for an estimate on d x q\(t) from the above estimate on Eg 1 (t). Note first 
that 

r+°° r+oo (pi 

Jx Jx 



< 



(AO 2 (/ |5a;gi|2 ^ i+2 + / n 2 ^) 2 ' ^ a - 9 ) 



so that 



Also, 



Thus, 



and so 



J qlfom+2 < J qlm = M 01 (t). 

E 01 (t) > j (d x qfy ei+ 2 -Cj\qf + 

>\f (3r9i) V+2 ~ CM 9l (t), (A.10) 



{d x qi)\e 1+ 2 + f j [{dlqif + (d^i) 2 ] ^ 1+2 



< 



(/ + x ) e i- 2e - 3 if < 01-20-3 < 1 
x* 1-2 * -3 if 01-20-3 <0 



(A.ll) 



h+i 



Note also that for any x, 

( t Xo\ f +oc f + °° 
q 2 (t,x)<pe 1+1 f x- - - — J < J \qi\\d x qi\(pe l+ i + j MVfc 

< J \d x qiWe 1+ 2 + j MV, (A.12) 
and, with 9\ = 20 + ^, using the properties of ^+1, for x > ^(i + xq), 

\qi(t, x)\ < x-^+Dtl = x-( e +fkl < x-( e+2 \ (A.13) 

Finally, we briefly treat the case of higher order derivatives. We use an induction 
argument, assuming at the rank k that for all 1 < k' < k, for all x, t 



jT / (d*'qi) 2 (tH 1+2k , (*-\- X -f)dt + I (d k x ' qi (t)) 2 w 1+ 2k 
+ l^-VWI W2V-1 (x - \ - f ) < j^+^s 



t x 
4 4 



t xo\ ^ j (t + x ) 9l - 2e ~ 3 if < 01-20-3 < 1 

if 01-20-3 < 

(A.14) 



we prove the same estimates for k' = k using F 9l ^. 
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Indeed, by simple computation: 

h2fc 



= -2 J (0*+ 3 gi )(^?l)w 1+ 2fc ~ 2 J d k x +l (fa + f f - /o 5 ) d k x q Wdl+ 2k 
~\j (^9i)V*+2* + / (d k F )(d k qi )w 1+2k 

<-sj (d k+1 qi f^ i+2k -\j (d k qi )^' di _ 



d L +2k 



1-29-4 



+ 2 J d k [( qi + / ) 5 - / 5 ) ((^ +1 gi )^ 1+2fc + 

+ J {d k F ){d k qi )w 1+ 2 k . 
We claim, arguing as (|A.6D . 

J (d k F )(d k qi )w 1+ 2 k <^J {d k qi?Ve 1+ 2k + Ci ( 
Next, we claim 

^ ((gi + /o) 5 - fl) ((d k+1 qi )<pe 1+ 2k + (d k qM 1+ 2k 

k— 1 

- 150 / ^ +1 ^+ 2 * + / (d k x qM 1+ 2k + E / ( A -!5) 



Indeed, looking for example at the purely nonlinear term in qi, we have 



■2A- 



+ 



-2A- 



2 ^i+2fc J_ 

1+ 2k 200 



(^?l)Vfi 1+2 fc + ^ / (d h x +L qi) 2 ^ 1+ 2k, 



200 



and 



-2k 



7 'ei+2k 



~ / (^a(Q'l)) ^6»i+2fci+2fc 2 +2fc 3 +2fc 4 +2fc 5 +l 



< 



E (nf =1 ||(^ i gi) 2 ^ 2 fc ; +2 

^6»i+2fc 5 -l 

I L. . I L, L. ^ 



^ 1 ~t~ ^ 2 "t" ^ 3 "I" k 4 "t" 5 = k 



k 

fc / =o'' 



where the L°° norms above are estimated using (|A.14j) . The other terms, all con- 
taining /o, are similar and easier. 

By integration of F' k using (1A.15|) and (|A.14p . we obtain 



F dl ,k(t) 




(flS +1 9i)V fll+ - < 



\t + xof 1 - 20 - 3 if < 01-20-3 < 1 



2k rG \ 6*1-29-3 



x 







if 01-20-3 < 



Arguing as in the proof of (IA.12p . we prove ()A.14p for k' = k. The induction 
argument being complete, we finish the proof as in (|A,13p . 
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Appendix B. Proof of monotonicity results on e 
B.l. Proof of Lemma 13.21 We compute from (|2 .39|) : 

,2 



1 d 

2dS I ^ 



Ae + {-e yy + e-(e+ P Y + Q b f + Q 5 b + p5Q 4 Y ) 



A. 



A 



Ps Y + (5Q 4 (;p - q)) y + ^pAY + + b ) AQ b + -i - 1 ) (Q b + e + pY ) 



A 



A 



+ $ 6 + * 6 - Wy 



We integrate by parts the linear term and use yip' w = 10</?io for y > 1 and <C </?' 10 
for y large enough to derive the bound 



2 A 
10 X, 



y Ae + (-e ra + £ ) w 



W _2 



g / -in- 



2 A 



< -~/^-7/vio(Ei + + W 



'l.loc- 



By integration by parts in the nonlinear term, we can remove all derivatives on 



£ to obtain (using \Q b \ + \ {Q b ) y \ < Ce z y for y > 0) 



y ^ 10 e [(e+Q 6 ) 5 -Q^ 



e 2 (kl 3 + 1) + / ^ 

< [ e -^e 2 (\ef + l)+ [ ^ 

Jv>0 J 



Thus, by standard Sobolev estimates, 

J (pi0 e[(s + Q b ) 5 -Ql] y <M 1M + S(a*) J <p' w (s 2 y + e 2 ). 
Next, by the bootstrap estimates, 

J ifios [(e + Q b + pY f - 5pQ 4 Y - (e + Q b f] y 

< / ^-^(/ + |6|H + |p|(|£|+|£| 5 )<M,loc + 4- 
Jv>10 s 



ly>10 

By ([SISD and Y £ y, 



p s / Y <p w e 



By P31 and OTZll . 

5(Q 4 (p - g))j,evio 



5(p-g)e- 4 W(£^ 10 ) 



^ C ^ /(M + kl)e" lwl Vio < ^ / £ Mo + CM,ioc + 



c 

72 • 



By dffll), 



A 



p / AY ifi Q e 



< M,loc + 
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The terms involving the geometrical parameters are controlled from the exponen- 
tial localization of Q b on the right and f|3.13p — fj3.14[) : 



As , 



ip w e(AQ b ) 



< 



< 



loc 



< m,ioc + ^ + y 

/ \Vl0^b\ < l^|A/^ loc < ^ +M,Ioc- 
We control similarily the interaction with the error from f|2. 10[) : 



Plot 2 , 



Finally, we claim 



Ivioetfftl < -f^i'ioc ~ \ +M,loc- 



(B.l) 



We only treat the first term in W, the other terms are similar and easier. First, 
integrating by parts, we remove the derivative from e to obtain derivative on q, (piQ. 
Indeed, 

- f [5(Q b + e+pY )\-5Q 4 q} y eip 10 = f [5(Q b + e + P Y ) 4 q - 5Q 4 q] (ecp 10 ) y 
{Q b + e + pY ) 5 - (Q b + pY ) 5 - 5Q 4 s 

L J y 

- 5(Q b + pY ) y [(Q b + e + P Y ) 4 - (Q b + pY ) 4 } + 20Q 3 Q y e\qcp 10 
+ 5 y [(Q b + e + P Y ) 4 - Q 4 ] eq<p' w 

= ~ y (Qb + e + pY ) 5 - (Qb + P>o) 5 - 5Q 4 e (q y <p 10 + g<// 10 ) 

- 5 y { (Q 6 + pYo),, [(Qt + e + P Y ) 4 - (Q b + P Y ) 4 ] - 4Q 3 Q 2/ e} Wo 
+ 5 y [(Q 6 + e +py ) 4 - Q 4 ] eq<p' w . 

From the above expression, we obtain for s large enough (using ||£||z,°° < IHIff 1 ^ 
6(a*) and \\q\\ L °° ( y >o) ^ 

y [5(g 6 + e + py ) 4 '7-5Q 4 g] ?/ e^io 

< y (kl + bvDe-^del + \p\ + |6|)|e| + J (\q y \<Pio + |<Mo)N 5 

<cM,ioc + ^ + ^q y eVio + a(a*) y N 2 k<Mo- 
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To control the last term above, we use q y (t,y) = \2d x qo(t, \y + x(t)) so that 
\Qy(t, V)\ < A5(Ay + xit))- 6 - 1 < \^x- e (t)(y + l)" 1 , for y > 10, and 

\e\ 2 \q y Ww < ^-^£ 2 (y + irVio < eVio- 
The collection of above estimates yields the bound: 

— J ip 10 e 2 + 10y J ip w e 2 < M.ioc + ^ , 

and (|3,19p is proved. 

B.2. Proof of Lemma I3.3L step 1 Weighted L 2 controls at the right. 

We first recall from [38], proof of Proposition 3.1, the following controls for all 
s G [0,s ], 

/ ye\s)< h+ * W oc ( S ), (B.2) 

Jy>0 \ A 9 (s) / 

y>o \ A s (s) / 

Hs)\<Mi(s). (B.4) 

step 2 Algebraic computations on J-{. 

First, note that the equation of e (|2.39p can be rewritten as follows: 
d s e-^Ae=(-d 2 e + e-Z) y 

- p s Y + (5Q\p - q)) y + ^ P AY + (y + A Qb 

+ (?j-l)(Qb + e + pYo)y + * b + 9 i , (B.5) 

where 

Z = (Q b + P Y + q + e) 5 - Ql - 5Q\pY + q) - q\ 

®b = -b s (xb + iy(xb)y) P, -*6 = {Qb -Qb + Ql)' + bAQb- 

We compute 

- 2 J ^ B (Q b ) s [(e + Q b + pY + q) 5 - (Q b + pY + q) 5 - 5eQf\ 

- 2 J MPsYo + q.) [(e + Q fe + pF + g) 5 - (Q 6 + pY + g) 5 - 5eQ 4 ] 
+ 10 f ^ B q s q A e + 3 -Fi 



ds 



which we rewrite 



^[^]=/i (i) + / 2 (i) + / 3 (i) , (B.6) 
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jf = 2 f (s s - yAe) (-(^BSy)y + e<p it B - 4>bZ) 
/W) = 2 ^ [ Ae (-(ip B e y ) y + e^,b - Vb^) + 



/f = -2 /" Vb(Q 6 ). [0 + Qfe + P^o + qf ~ {Qb + pY + qf - 5eQf\ 
-2 j ^ B (PsY + q s ) [(e + Q 6 + pF + qf - (Qb + jtfb + qf - 5eQ 
+ 10 J i> B q s q 4 e. 

We claim the following estimates on the above terms: for some hq > 0, 
ifi l) <-^° f (e 2 y + e 2 )^ B + Cs-\ 



d_ (i) 
da"'* 1 



(B.7) 
(B.8) 



Inserting ()B,7[) and ()B,8j) into (|B.6[) yields (|3.21[) for all j. In steps 3 - step 5, we 
prove (TB~7)l and (1B~81) . 

Observe that the definitions of ipi and ^ imply the following estimates: 

vy e m, + |^'(y)l + K'(y)l + Wiv)\ + W{v)\ < <f?M < vM, 

(B.9) 

Vy€(-oo,2], e^(y) + e^'(y) + i Pi (y)<^(y), (B.10) 

VyeM, </ 2 ( y ) < vi(y) < vi(y)- (B.li) 

In particular, 

M,ioc(s)<AA 2jloc ( S )<M(s)<AA 2 ( S ), y E 2 (s,y){p 1>B (y)dy <AA 2 , loc ( S ). (B.12) 
step 3 Control of Proof of (IB~7l) . We compute fjp using ([B~5l) 
f W = 2 y (- £yy J r £-Z) y (-(lfjB£y)y+£<Pi,B-1pBZ) 

+ 2 f ^ + &J y AQ 6 (-U>Be v ) v + £<Pi,B - *I>bZ) 

+ 2 (y - l) J(Q b + E + P Y )y {-{lpB£y)y + E^fl ~ ^flZ) 
+ 2y &b(-(ll>BEy)v + £<Pi,B-'t(>BZ) 

+ 2 J ^ b (-(^Be y )y + £(p it B -1>bZ) 

+ y (^-p s y + (5Q 4 (p - + jpA7 j (-(^be„) v + £^i,B - tPbZ) 
rW , f (*) , f (*) t f(») , f W , f (») 

— r l,l x l,2 "r r l,3 "T I l,4 r l,5 r l,6- 
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Term f[ l \: We first integrate by parts 



fij = 2 J [-e yy + e-Z] y [ £yy + e-Z]^ B 

+ 2 j [- £ yy + £ ~ Z \ y {-^B £ y + e(<Pi,B - ^b)) 



We compute the various terms : 



2 y [Syy +e-Z] y [-Eyy + £~ Z\^ B = ~ ^ ["% + £ ~ ^] ' 

= ~ j'^B [-e m + e] 2 " J *P'b { [-e m + e-Z} 2 - [-e yy + e] 2 } 
= - / Me 2 yy + 2e 2 y ) + J e 2 (iP' b - tfg) 
- J tfs { [-£yy +e-Z} 2 - [s yy + e} 2 ) . 



Next after integration by parts: 



2 J [-e yy + e] y [-i>' B e y + e(<p i>B - *I>b)] 
= -2{ J i>' B e 2 yy + J E 2 y {y hB -\^' B -\ 
+ je 2 {\(^ B - * B )' - \{<pi,B - 1>b)"')}, 



- 2 J Z y {ifi,B ~ ^b)£ = 2 J Z(ip' hB - tf B )e + 2 J Z((p itB - i> B )e y 

= 2 j z(^ B -i>' B )E- l -j{<p hB -i> B y 

{ [(Qb + E + pY + qf - (Q b + pY + qf - 6Q 5 b £ - 6q 5 E - 30Q 4 (pY + q)e} 

- 2 J{^ B -^ B )(Q^ y [(Q b + e+pY G + qf -{Q b + P Y Q + qf -hQtE] 

+ 40 J (<p iiB - ^ B )Q'Q 3 (pY + q)e 

2 / (<p iiB - i> B )(pY^ + q y )[(Q b + E + pY + qf - (Q b + P Y + qf - 5Q% 
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We collect the above computations and obtain the following 

/g = - J [3^4, + (3^ >B + ^ - 04 + « B - < B ) e 2 ] 

~\j [(e+Q b +pY +qf-(Q b + P Y +qf-6Qle-6q 5 e-30Q 4 ( P Y +q)e-6Ze] 

- 2 y - ^ B )(Q b )J(Q 6 + e + pY + </) 5 - (Qb+pY + <z) 5 - 5Qfc] 
+ 40 y ( W|B - Vs)Q'Q 3 (^o + ?)e 

- 2 J {vi, B ~ i>B){pY^ + q y )[(Q b + e+pY + qf - (Q b + P Y + qf - 5Q 4 e] 
+ 2jz y e y ^ B -j^ B { [ -e yy + e-Zf- [ -e yy + ef} 

= (/?!)< + (/Sr + (/Sr 



where (/^i) < '~' > respectively corresponds to integration on y < — , \y\ < -§ , 

2/>f- 
We recall 

\\e\\ L ~<\\e\\ H i<6(a*). (B.13) 

• For the region y < —B/2, we rely on monotonicity type arguments and estimate 
using (|R9|) : 

Jy<-B/2 Jy<-B/2 iUU Jy<-B/2 

Jy<-B/2 " B 2 J y< - B /2 9 100 J y< - B /2 9 

by choosing .B large enough. By (|B.13j) (for B large and q* small) 



[(e+Q b +pY +qf-(Q b +pY +q) 6 -6Qte-6q 5 e-30Q A (pY +q)e-6Ze] B -tf B ) 

y<-B/2 

(*(<**) + (|Q b | 4 + |p| 4 + M V + + Ipl + k|) 2 |e|) ^ B 

y<-B/2 



< 



v 7 Jv<-B/2 s \Jv<-B/2 



1 /" .2 / 1 



y<-B/2 * \Jy<-B/2 

< 7^ / eVi,B + 4' 

100 J y< - B /2 « 

where we have used from the definition of g and (|3.12p 
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Similarity for a* small depending on B, 

/ (<Pi,B ~ ^B){Qb)y [{Qb + e + P Y + qf - (Q b + P Y + qf - 5Q 4 e] 
J y<-§ 

-20 J (<p iiB - ^b)Q'Q\pYq + q)e 

<B I (\s\ 5 + e\\Q b \ 3 + \pf + \q\ 3 )) (\Q y \ + \b\\(Px b )'\)ri, B 



+B / \e 



\l\ 2 ){\Qy\ + \b\\(Px b )'M, 



+B J \e\(\p\ + | 9 |) \(Q b )yQl - Q'Q 3 \ y' i>B 



< 



2 i J2\.J 



TOO / „,S £ v + c Z Hb + V4 - 



y<-B/2 



The next term in (fi\) < is 

-2 J (<p ijB ~ V^X^o + q y )[(Q b + e+ P Y + qf - (Q b + P Y + qf - 5Q 4 e]. 

To estimate it, we note the following 

| {Q b + e + P Y + qf - (Q b + pY + qf - 5Q 4 e\ 
<\ef + \e\ 2 + \e\{\b\ + \p\ + \q\). 

Now, using 



J \p\v>i 



Bdy < 



\q y \¥i,Bdy < — , 



(B.14) 



we obtain proceeding as before 

J (Vi,B ~ V>b)(p*o + q y )[(Q b + e + pY + qf - (Q b + pY + qf - 5Q 4 e] 

100 J y< - B /2 s 
We further estimate using (|B. 13|) and ((fi) 2 < ip' < {(f'i) 2 for y < — |: 



< 



+ 



+ 



I ^y {(Qb) y [(Qb + e + P Y + qf - Qi\ - Q'Q S (pY + q)} 
J y<-§ 

[ ip' B e y (pY£ + q y )((Q b + e+pY + qf - Q 4 ) + / q y q 4 e^' B 

Jy<-§ J 

/ ip B el(Q b + e + P Y + q) 

100 J v< -B/2 



'y<- : 2 
C_ 
7~y 
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The remaining nonlinear term is estimated using the local H 2 control provided 
by localization (see more details in |38| ) 



/ Jj' B {[-e y y + e-Z] 2 -[-e yy + e] 2 } 

[ fj/ B {-2e yy + 2e-Z)Z 
J y<-§ 

S i5o/ < _ f '«'^l' + l'l , ' + <7 / < _ f ^ z 



• In the region y > ^ > we have ipB(y) = lj so that several terms cancel in /j 
For the remainding terms, we argue as before. We rely on ()B,9j) to estimate: 

Jy>B/2 Jy>B/2 iUU Jy>B/2 

and we use the exponential localization of to the right and ()B,13p . to control: 
' (e+Q b +pY Q +qf (Q b+p Y +^ e 

>y>B/2 



< 



6 6 

,4 . 4 i „4\ _2 



Qfe - 5Q 4 (pY +<z) - Ze^j ^ B 



[ (e 6 + W+P* + q 4 ) e 2 + {\b\ + \q\ + |p|) 2 |e|) ^ B 

Jv>B/2 



'y>B/2 



2 I 1 

, £ <B + "J 
j/>S/2 « 



1 



100 



< W / £ Xb + 74 



C 



2/>B/2 



/ [(e + + P^O + qf ~ (Qb + pY + q) 5 - 5Q 4 e] (Qb)y(^B - <Pi, B ) 

Jv>B/2 

[ Q'Q 3 (pYo + qH^ B -^,B) 

Jv>B/2 



>y>B/2 

20 



< 



'y>B/2 

1 f 2 , C 

/ £ <Pi,B + T 

100 7y>i?/2 S 4 



Since Yo G 3^, we argue similarly to obtain 

J &b ~ <Pi,B)pY£ [(Q b + e+ P Y + q) 5 - (Q b + P Y + q) 5 - 5Q 4 e] 



< 



1 f 2 / C 

100 J y>B /2 « 



Next, we have from ()B.14j) . 

J (<Pi,B ~ if>B)Qy [(Qb + e + P Y + qf - (Q b + P Y Q + g) 5 - 5Q 4 e] 
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Also. 



Z{e yy 1p' B +e y l/j' B ) 



• In the region \y\ < B/2, tp^B^s, y) = 1 + y/B and iPb(u) = 1- In particular, 
v'I'b = ^'b = in this region, and we obtain: 



(/Sr = 4/ i 3el+e2 

B J\v\<B/2 L 



-y 



+ ~ ((e + Qb + + 9) 6 - (Qb + P*o + 9) 6 - GQ b e - 30g 4 (py + q)e - 6Ze) 
+ 2 ((e + Q b + P Y + 9) 5 - (Q 6 + pYo + qf - 5Q 4 b e) y(Q b ) y 
-40yQ'Q 3 (pY + q)e 

+ 2y(pY ' + q y ) ((e + Q b + pY + qf - (Q b + P Y + qf - 5Qfc 
= ~ 4 I {3e 2 v +e 2 - 5Q 4 e 2 + 20yQ'Q 3 e 2 } + « V ir (e) , 

B J\y\<B/2 



where 



^Vir(e) = -^ / \\((e + Qb+pY + qf -(Qb + pYo + q) 6 -6Qte 

B J\y\<B/2 3 V 



\y\<B/2 



- 30Q 4 (pY + q)e - 6Ze - 15QV 

+ 2((e + Q b + pY + qf - (Q b + P Y + qf - 5Q^) ytQ^ 

- 20yQ'Q 3 (py + g)e - WyQ'Q 3 e 2 

+ 2y(pY ' + q y ) ((s + Q b + P Y + qf - (Q b + pY + qf - 5Q^e) | 

As before, we estimate 

|i2vir(e)|< / e 2 (6(a*) + \b\ + \p\ + \q\) + [ \e\(p 2 + q 2 + b 2 ) 
J\y\<B J\y\<B 

~ 7n77 / (4 + e2 ) + 4' 
We now recall from |38| the following coercivity result. 

Lemma B.l (Localized viriel estimate). There exists Bq > 100 and fi$ > such 
that if B > Bq, then 



2 -M 



/ (3e 2 + e 2 - 5Q V + 20yQ'Q 3 e 2 ) (e 2 + e 2 ) - I / 

Thus for a* small enough: 

The collection of above estimates yields the bound: 

< -f / + + e2 )] + §> (B.i5) 

for some universal fi^ > independent of -B. 
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Term f^\: We decompose in a suitable way: 



/S = 2(^ + M I AQ(Le)-2[^ + b\ / £ (1-^,b)AQ 



A. 



A 



A, 



A 



+ 2b(^ + b\ J A{ Xb P) {-{ipBEy) y + en,B - iPbZ) 

+ 2[^-+b\ J AQ {-{lpB)y£y " (1 " i>B)£yy + (1 - l/> B )Z) 

+ 2(^+b) J AQ(Z - 5Q 4 e) 



Observe from (|2.25p : 



J AQ(Le) = (e, LAQ) = -2(e,Q) = 0. 



We now use the orthogonality conditions (e, yAQ) = and the definition of ^5 to 
estimate: 



AQe(l - <p i>B ) 

so that for B large enough: 
A 



A<7- ( 1 " <Pi,B + f. 



~ ' i loc ' 



A 



+ b ) AQe(l - <p itB ) 



(i) 

For the next term in f± 3, we first integrate by parts to remove all derivatives on e. 
Then, by the properties of (fii^B, ipB, P an d Xb f|2 . 6[> . we obtain for a* small, 

A., 



< A//L + 4 ) e-f M? 



~~ \ " " i,loc 1 2 



j,loc 



1 /X4 . c 



26 



A 



+ 6^ j A{ Xb P){-{ip B £y) y + e^B-i>BZ) 



Next, integrating by parts, using the exponential decay of Q and since iPb(u) = 1 
B 00): 



on 



2 ' ' 



+ ^ y AQ (-(^b)„£ v - (1 - ^B)e yy + (1 - 



and finally 



- + f AQ[Z- 5Q 4 e] 

The collection of above estimates yields the bound: 

|f(*)|< J_/f*A/-., 

l/l < 2 ' " 100 / ,JOC+ / 



loc I ) 
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Term / x 3: Integrating by parts, we claim the identity 

-\JVb [(Qb+pYo + q + ef-Qt- 6Q 5 b e - 6Q 5 (pY + q) - 6Q b q 5 ] 
= J MQb) y Z - 5 J 4> B Q'Q 4 e + J (Qt - Q 5 ) y etp B + 5 J (Q b - Q) y Q 4 (pY + q)^ L 
f ij B pY^Z + J(Q 5 - Ql)pY^ B + 5 j Q 4 (pY + q)pY& B + j ^ B pY^Q b 
j i>Bq y [(Qb + pY + q + ef - Q 5 ] + J ^ B e y Z + 5 J ^ B e y Q 4 (pY + q). 



+ 
+ 

Therefore 



Jl,3 



- l) {2J Q' [Le - ^' B e y + (1 - ^ B )e yy - e(l - <p i>B )] 
+ 2 J (Q b - Q + e + pY ) y [-ip' B e y - i> B £ yy + £¥>i,s] 
+ \j^B [(Qb +pY + q + ef -Qt- QQte ~ 6Q 5 (PY + q) - $Q b q 5 } 
+ 2 J ei, B (Qt ~ Q 5 ) y + 10 J 4>B(Qb ~ Q) y Q 4 (pYo + q) 
+ 2 j Vb(Q 5 - Qt)pY^ + 10 j Q 4 (pY + q)pY^ B + 2 j ^ B pY^Q b 
+ 2 j ^ B q y [(Qb + P Y + q + ef - Q 5 - 5Q b q 4 } + 10 J ip B e y Q 4 (pYo + q) 

The first term is treated using the cancellation LQ' = and the orthogonality 
conditions (e, AQ) = (e, Q) = 0, so that (yQ' , e) = 0. Thus, by the definitions of 

if itB and ip B , 

2 (y - l) jot [Le - tf B e y + (1 - i> B )e yy - e(l - <p ijB )] 
2 ( y - l) j Q' [-i>' B e y + (1 - ^ B )e yy - e (l + | - ^ 



£ (-^ioc + ^2) e lS °^ioc < §M,ioc + 
Then, as before, integrating by parts, and using Cauchy-Schwarz inequality, 



2b ("X ~ X ) / ^ XbP } y \-~^B e v ~ ^Be y y + e<p i>B ] 

^ 1 / . rk 1\ 1„ 1 «4., C 

< - ( Ml, + — I B 3 M,loc < 500 ^^.loc + ^4- 



s V" *' loc ' s 2 



2 (y - l) y £ y [-i>' B £ y - ^BE yy + e<p itB ] 

s *(«•) I (4 + < f / (4 + - 2 ) + 



c_ 

~7v 
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A 



J pYq [-1p' B £y ~ tf>B£yy + £<Pi,B] 



- ' i.loc T" g2 J s i,loc - 500 B 



In conclusion for /| 3, on gets 



1/01 < J_^i 
l/l,3l S 5Q B 



(4 + e 2 ) + 



for B large enough and a* small enough, sq large enough. 
Term f[ 4 : Recall 

flA = ~ 2b s / (Xb + lV(Xb)y) P {-IpBeyy ~ ^B e y + ei Pi,B ~ ^bZ) 



We estimate after integrations by parts 
J {Xb + iyiXb)y) P(-^BSy) y 



< 



|e| IW>b((x6 + tv(x6)v)-P)w) 



~ «,loc 



(X6 + iy{Xb)y) Pe^i,B 
The estimate of the nonlinear term follows from (|B.13j) and ^ < (^) 2 f° r 2/ < ~~ 5 : 



r*t i.loc 



(xb + jy(xb) y ) p^bZ 



< J 4>B({\Qb\ A \+p A + q A )s\ + \e\" > + b 2 +p 2 +q 2 



<B^ ( /(|£| 2 + M>b) +^<B 



1 



(4 + e2 ) 



+ 



,2 • 



Together with (|3.14l) . these estimates yield the bound: 



Term /0; Recall: 



We now rely on (|3.15p to estimate by integration by parts and Cauchy-Schwarz's 
inequality, 



(Vb)ylpBEy 



< Bh 2 AfL, < 



1 /i 4 



' ■ '" ( - 500 B 

By ()2.10p and the exponential decay of <pi t s in the left 



■■M.loc + 



C 



< (b 2 Bh + e -w) |6rW^ c < AA liloc + C\b\\ 



For the nonlinear term, similarly and using (IB . 13[) . 



/ 



^ h i> B z 



< 



1 M4 

500 B 



J {e 2 y + e 2 ) ip' itB + 



C 

14' 
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The collection of above estimates yields the bound: 



c_ 



Term Recall that this term writes 

j {-p s Y Q + (5Q 4 {p - q)) y + ypAYoj (-(^B£y)y + £fi,B ~ ^bZ) 

By ([215]), fl232) , (1211, 

K '"^ ( Ps Y + (5Q 4 (p-q)) y + ^pAY ^ 



-PsY + (5Q*(p-q)) v + -±pAY 



+ 



M ( 1 / 9 M 



and thus 



step 4 5 term. 



i/$i<%*) 



l»l 1 



e"e 2 + 



,4 ' 



Recall: 



p(ij) 



2y / Ae(-(^ B £j / ) 2/ + £^ ijB --05-^) + ^. 



We integrate by parts to compute: 



1 



+ -z I e 2 y yip' B , 



2 / e2 y<p'i,B, 



(Ae)eip iiB = 

J Aeip B Z = J (| + y % ) ^ B [(Q b +pY + q + e f-Ql- 5Q 4 (pY + q) - q 5 
= J [(Qb+pYo + q + ef-Q\- 5Q 4 (pY + q) - q 5 ] 



(yipB) 



(Q b + pY + q + e) 6 (Q b +pY + , 



Qh 



6 6 

- 5Q 4 (pY + q)e - Q 5 b {pY + q) - qh 

~ J y^B{Qb) y [(Qb + P Y + q + ef - (Q b + pY + qf - 5Q 4 b e - 5Q 4 b (pY + q) £ 

- 20Ql(pY + q)e] 

- J V^BPY^ [(Q b + P Y + q + e) 5 - (Q b + P Y + qf - 5Q 4 e] 

+ 5 j (Qt - Q%( P Y + q)ey^ B 

- J V^B [(Qb + P Y + q + e) 5 - (Q b + pY + q) 5 - 5Q 4 e - Q 5 b - 5q 4 s] . 
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(id) 



+ j [(Qb +pY + q + ef - Qf - 5Q 4 (pY + q) - q 
'(Q b + pY + q + ef (Q b +pY + q y 



- / (y^B)i 



- 5Q\pY + q)e - Q 5 b (pY + q) - q 5 e 
J vMQb)v [(Qb +pY + q + ef - (Q b + P Y + qf - 5Qfe - 5Qt(pY + q)e 



20Q 3 b (pY 



- J U^bpYq [(Q b + P Y + q + ef - (Q b + P Y + qf - 5Q 4 e] 
+ 5 J (Qt-Q%(pY + q)ey^ B 

~ I V^B [(Qb + pY + q + ef - (Q b + P Y + qf - 5Q 4 e - Q 5 b - 5q 4 e] ) + 3 - T t . 



For y < —B, we use the exponential decay of ipB, fi,B an d ()B-9|) to estimate: 



(il> B + Wb + <PiJi)(4 + e 2 ) + |2M B £ 2 



y<- 



< 



zIv'lb + 



y<- 



Wlb* 2 



y<- 



n in 



100 



^ 2 



< j e 2 y ^B+K W 



o_ 

o 

loc' 



where we have used f y< _B |y| 100 ese 2 < ||e||^ 2 < 5(a*). 

Together with similar estimates for the other terms, this yields the bound: 



(»>i)\<| 



1 



,4 1 



(i i) 

The middle term f% is also estimated as follows 



\f?' j) \<6(a*) j(el + £ ^' hB + - 



2\,J 



It only remains to estimate (/i ^ Most terms in (fn''" are easily estimated 
similarly as before. We focus on the following two delicate terms (because of weight 
at +oo): 

3 



(id) 



e 2 yv'i,B s 



£ <Pi,B- 



y>- 



The function ips being bounded, the other terms are easier. 
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First, using ()B.3p . 



Z 2 <Pi,B<-(l + ^w)Ml loc 



y>f s V As 

~ 2,l0C — j^QQ _g 



Second, using jV 2 i oc < s 2 and /3 < I 



1 



8' 



9 _ Ifl 

e e 10 



2/>f 



step 5 /i^ term. 



/ 3 W = 2 y Vb(Q 6 ), [(e + Ofc +py + q) 5 ~ (Qb+pY + g) 5 - 5eQ 4 b ] 
- 2 J iP B (p s Y + q s ) [(e + Ob + pYo + <z) 5 - (Oft + P*o + ?) 5 - 5eQ 4 
+ 10 / ^g s ^ 4 e. 



First, 



|(Q 6 ).| = |6.p(x(I&I 7 i/) + 7|6|W(|6| 7 y))| < \U 

J i>B(Qb)s [(e + Ob + P^o + 5) 5 - (06 + P^o + </) 5 - 5eQt] 
<\b,\J ^ B (e 2 (\Q b f + |p| 3 + \qf + 5(a*)) + H(e"^p 4 + g 



< ( ^2 + K,loc 



(4 + £ 2 )V>b + ( / e 2 V^i 



<(%*) + Sfa 1 )) J £ 2 <b + §- 
For the next two terms, we first remark that by explicit computations: 

J \p B (p s Y + q s ) 2 < ^- 



Thus, as before, 



/ MPsYo + q,) [(e + Ob + P^o + <?) 5 - (Ob + P*o + ?) 5 - 5e0 4 ] 
<(£(«*) + «5( s -i)) | e 2 <B + ^- 



Finally, 



< ( / ^B(q s q 4 ) 2 



^B£ 2 < / ^B£ 2 + -7. 



step 6 Proof of (ET22"]) . 
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We proceed as in |38] , Recall that for B large enough, ji > 0, 

J ipB^l + Pi,B£ 2 ~ 5iPbQ A £ 2 > M^. 

We only have to estimate the error term as follows. For sq large enough, and a* 
small enough, 

J {(Qb+e+pY +qf-(Q b +pY +q) 6 -6e(Ql+q 5 +5Q i ( P Y +q))-6Q 4 e 2 ) ^ B 
This concludes the proof of Lemma 13,31 
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